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I review the linear and seond-order perturbation theory in dark energy models with expliit in-
teration to matter in view of appliation to N-body simulations and non-linear phenomena. Several
new or generalized results are obtained: the general equations for the linear perturbation growth;
an analytial expression for the bias indued by a speies-dependent interation; the Yukawa or-
retion to the gravitational potential due to dark energy interation; the seond-order perturbation
equations in oupled dark energy and their Newtonian limit. I also show that a density-dependent
eetive dark energy mass arises if the dark energy oupling is varying.
I. INTRODUCTION
Dark energy is dened as a uid distributed almost homogeneously and whose potential energy dominates over
kineti energy. As suh, it an be observed mainly through large sale eets as those relating to the osmi expan-
sion history and its linear utuations. Indeed, the most weighty evidenes in favor of dark energy ome from the
aeleration of the universe as seen in the Hubble diagram of the supernovae Ia [1℄ and on the angular size of the
aousti horizon on the osmi mirowave bakground [2℄. Indiations onerning the growth of linear utuations,
e.g. via the ISW eet [3, 4℄ are still very tentative, although the prospets from e.g. weak lensing [5℄ and Lyman-α
lustering [6, 7℄ appear promising.
However, all these observables depend ultimately on dark energy only through the expansion history H(z) and the
matter linear growth funtion D(z), where z is the osmologial redshift. For instane, luminosity distane in at
spae is dened as











−3[1+W (a)] + (1− Ωm − Ωφ)a−2
]1/2
, (2)
where a = (1 + z)−1 is the sale fator, Ωi denotes the density at the present time of the i-th speies and







wφ(z) being the equation of state of dark energy. It is lear that at any given redshift there will be dierent wφ(z)
that give indistinguishable dL(z) and that the degree of degeneration will inrease with redshift. Similar integrals of
H(z) enter the denitions of angular-diameter distane and age, that will therefore be subjet to the same ambiguity.
The linear growth funtion is a seond observable quantity, in general independent of H(z). In a matter dominated












a−3D = 0 (4)
(valid for unoupled dark energy) where the prime denotes derivation with respet to α = log a and where we introdue
the onformal Hubble funtion H = dα/dτ , τ being the onformal time. The growth D is therefore an independent
probe of dark energy: two models that give an idential H(z) will in general be distinguished by dierent D(z).
In priniple the degeneray an be broken by a large number of observations at dierent z of H(z) and/or D(z).
However, this is hardly feasible, sine real data is onned to small (z < 5) or very large redshifts (z ≈ 1100).
Moreover, in most models the dark energy omponent beome subdominant at z ≫ 1, so that both H(z) and D(z)
beomes rapidly insensitive to wφ(z) (see [8℄ for a detailed disussion on the pratial observability of wφ(z) at large
z).
2It would be desirable therefore to add new observables, as the evolution of the perturbations in the dark energy
eld itself, the seond order growth funtion or the full non-linear properties as obtained through N -body simulations
(see e.g. [9, 10, 11℄). In this paper we review the general linear and non-linear perturbation equations in dark energy
models in order to provide the basi material for the study of these additional observable quantities. Our dark energy
model is quite general: a salar eld with a generi potential and an expliit varying speies-dependent oupling to
baryons and dark matter. This over most salar eld models presented in literature, with the notable exeption of
models with non-standard kineti terms [12℄.
In a subsequent paper we employ the formalism derived here to evaluate the large sale skewness in oupled dark
energy.
II. COUPLED DARK ENERGY
Our dark energy model is haraterized by a general potential V (φ) and general ouplings Ci(φ) to matter. This
lass of models inlude those motivated by string theory proposed in [13, 14, 15, 16, 17, 18, 19, 20, 21, 22℄. The
onservation equations with interating terms for the eld φ , old dark matter (c), baryons (b ) are:
T µ(c)ν;µ = −Cc(φ)T(c)φ;ν , (5)
T µ(b)ν;µ = −Cb(φ)T(b)φ;ν , (6)
T µ(φ)ν;µ = [Cc(φ)T(c) + Cb(φ)T(b)]φ;ν , (7)
where the oupling funtions Cb,c(φ) depend on the speies, as rst proposed in [23℄. Radiation (subsript γ) remains
unoupled beause it is traeless (models with oupling to the eletromagneti eld [24, 25℄ or neutrinos [26℄ have
also been proposed). The standard Einstein equations are assumed to hold. This oupling form is derived, through a
onformal transformation, from a Brans-Dike gravity with speies-dependent interation [23, 27℄. There are strong
limits on the baryon oupling [28℄ and relatively looser ones on the dark matter oupling from either astrophysis
[10, 29℄ or osmology [30℄; here, however, we disregard any onstraint and leave the ouplings as free funtions. In a
FRW metri the equations (7) plus the Friedmann equation read:
φ¨+ 3Hφ˙+ V,φ =
√
2/3κ(βcρc + βbρb),
ρ˙c + 3Hρc = −
√
2/3κβcρcφ˙,
ρ˙b + 3Hρb = −
√
2/3κβbρbφ˙, (8)
ρ˙γ + 4Hργ = 0,
3H2 = κ2 (ργ + ρc + ρb + ρφ) ,
where κ2 = 8piG, βc = Cc
√
3
2κ2 , βb = Cb
√
3









This shows one of the basi properties of dark energy interations: matter density appears to be non-onserved. For
as onerns the potential V (φ) here we write in all generality
V (φ) = Ae−κ
√
2/3µf(φ)φ , (10)
where µ is a dimensionless onstant. The exponential ase studied in [13, 14℄ orresponds therefore to f = 1 , a







































where f0 = 1 and



































x− µf1y2 + βc(1 − x2 − y2 − v2 − z2) + βbv2,














3βbx− 3x2 + 3y2 − z2
)
.
The CDM energy density parameter is obviously Ωc = 1−x2− y2− z2− v2 while we also have Ωφ = x2+ y2, Ωγ = z2
and Ωb = v
2
. The system is subjet to the ondition x2 + y2 + v2 + z2 ≤ 1. To lose the system one needs also the






3 + 3x2 − 3y2 + z2) . (18)
In the perturbation alulations we will use the onformal Hubble funtion, H = aH , and we will need the following
relation
H′





Aim of this setion is to write down the linear perturbation equations for a ombination of uid omponents with
general equations of state pi = wi(ρ)ρi and a salar eld with a general potential V (φ) and oupling βi(φ) to the
uids. Some of this material has been already published (e.g. in [19, 32℄) but not at this level of generality. We hoose
the longitudinal gauge
ds2 = a2[−(1 + 2Ψ)dτ2 + (1 − 2Φ)dxidxi], (20)
where τ is the onformal time. We will write the equations in the time variable α = log a, so that our metri is
eetively
ds2 = e2α[−(1 + 2Ψ)dα
2
H2 + (1− 2Φ)dxidx
i]. (21)
4It is well-known that in absene of anisotropi stress Φ = Ψ, so we adopt this simpliation from the start. We dene
the perturbation variables




Hdt , ∇ivi = θ. (22)
Repeated indexes mean summation and all spatial derivatives are with respet to the omoving oordinates xi. We









= 2µ2y2f2 . (24)
Perturbing the Einstein equations and the onservation equations we obtain the linear perturbations below. We
introdue the sale λ: in real spae we interpret λ−2 as the operator −H−2∇2; in Fourier spae, λ = H/k. In this
way the following equations an be read equivalently in real or Fourier spae. Note also that β′ = dβ/dα = φ′dβ/dφ.
The perturbation equations for a generi equation of state p = w(ρ)ρ, whih inludes unied models like the
Chaplygin gas [35℄ or phase transition models [36℄, are
Generi uid omponent (equation of state p = w(ρ)ρ)
δ′ = −(w + 1)θ + 3(1 + w)Φ′ − 2(1− 3w)(βϕ′ + β′ϕ)− 3w,ρδ(1 − 2xβ), (25)








λ−2ϕ+ (1 + w)λ−2Ψ, (26)
where w,ρ ≡ dw/d log ρ, and
A(w) = 3 + 2xβ(1− 3w)/(1 + w). (27)
Note that the sound speed is c2s ≡ dp/dρ = w + w,ρ. The equations for the salar eld oupled to several uids with








ϕ′ + (λ−2 + mˆ2φ)ϕ − 4Φ′x− 2y2µf1Φ = (28)∑
i











−3λ2[6xϕ+ 2xϕ′ − 2y2µf1ϕ+
∑
Ωi(δi + 3(wi + 1)λ
2θi)]




[2(3xϕ− Φ) + λ2
∑
3(wi + 1)θiΩi]. (31)
From these general equations one an derive the following equations for the three perfet uid omponents, CDM
(w ≈ 0 ≈ cs), baryons (w ≈ 0, but c2s non-negligible at small sales), radiation (w = 1/3).
CDM

































−2δ + λ−2(Φ− 2βbϕ) (37)
(to the equation for θ′b one should add the standard term desribing momentum exhange with photons due to








ϕ′ + (λ−2 + mˆ2φ)ϕ− 4Φ′x− 2y2µf1Φ =













Ωiδi + 6xϕ+ 2xϕ
′ − 2y2µf1ϕ) , (39)
Φ′ = 3xϕ− Φ. (40)


















where the sum is on the oupled omponents (here baryons and dark matter). It is interesting to observe that the
terms in β′i ontribute to the equation as eetive masses. If for instane βi = β0e
√
2/3κβ1φ







= 2Ωiβiβ1 . (42)
The Newtonian limit in Eq. (41) amounts to negleting the derivatives of ϕ (beause we an average out the rapid
osillations of ϕ) and the metri potential Φ (whih is proportional to λ2). We an neglet also the term 12xϕ sine
|x| ≤ 1 is muh smaller that λ−2. Finally, we neglet here also mˆ2φ and mˆ2βi with respet to λ−2 sine otherwise the
dark energy would luster on astrophysial sales and would redue to a form of massive dark matter [37℄. In setion
V., however, we remove this approximation. From (41) nally we obtain
ϕ ≈ λ2(βcΩcδc + βbΩbδb). (43)
Sine ϕ is of order λ2, Eq. (39) redues to the usual Poisson equation (hereafter we neglet radiation)
Φ = −3
2
λ2(Ωbδb +Ωcδc) . (44)
Now, if we substitute in (33) we an dene a new potential ating on dark matter










β2c ) . (45)
In real spae, this equation beomes
∇2Φc = 4piGbcρbδb + 4piGccρcδc , (46)
where I restore the gravitational onstant and dene
Gij = Gγij , γij ≡ 1 + 4βiβj/3 , (47)
6so that Gbc = G(1 + 4βbβc/3) and Gcc = G(1 + 4β
2
c/3). Analogous equations hold for the baryon fore equation (37).
Therefore the Newtonian linear equations for dark matter and baryons in oupled dark energy are







θc −H−2∇2Φc , (49)







θb −H−2∇2Φb , (51)
∇2Φc = 4piGbcρbδb + 4piGccρcδc , (52)
∇2Φb = 4piGbbρbδb + 4piGbcρcδc . (53)










(γccδcΩc + γbcδbΩb) = 0, (54)










(γbcδcΩc + γbbδbΩb) = 0. (55)
These equations generalize previous results [32℄ beause are valid also for non onstant β (provided mˆ2β ≪ λ−2).
It is lear that sine baryons and dark matter obey dierent equations, they will develop a bias already at the
linear level. A simple result an be obtained in the ase in whih one omponent dominates. Assuming Ωb ≪ Ωc, in






















γbcΩc = 0 , (56)
from whih by subtration
b =
3γbcΩc
3γccΩc + 4(βc − βb)xm . (57)
Notie that all terms on the right hand side are in general funtion of time. This shows that a linear bias of gravitational
nature develops whenever βc 6= βb. This bias extends to all Newtonian sales and therefore is distinguishable from
the hydrodynamial or non-linear bias that takes plae in ollapsed objets.
Further insight an be gained when these equations have onstant oeients, i.e. when wφ and Ωc,b are onstant
(in [14℄ we denoted these ases as stationary solutions) . As shown in [14℄ this is realized on the ritial points of
a eld governed by an exponential potential and a onstant oupling β. In this ase is onvenient to dene a total
equation of state
we = ptot/ρtot = x
2 − y2, (58)
instead of wφ = pφ/ρφ. Negleting the baryons the relation is simply






[1 + 3we] . (59)
The sale fator in this ase grows as a ∼ τp/(1−p) ∼ tp where p = 2/[3(we + 1)]. The solutions are δc = am± and
δb = ba
m±




(−1 + 3we + 4βcx±∆) , (60)
7where ∆2 = 24γccΩc + (−1 + 3we + 4βcx)2. In this ase then m and b are onstant. The salar eld solution is
ϕ ≈ λ2βcδcΩc = H20k−2a2(p−1)/pβcδcΩc. (61)
For small wavelengths ϕ (whih here is proportional to δρφ/ρφ ) is always muh smaller than δc, δb at the present time,
unless of ourse βc is exeedingly large. It is interesting to observe that ϕ ould outgrow the matter perturbations in
the future in an aelerated epoh, i.e. if p > 1 and if Ωc does not vanish.
IV. SYNCHRONOUS GAUGE
Sine most Boltzmann odes in CMB are implemented via the synhronous gauge we give here the relevant equations
in this gauge.
Generi uid omponent (equation of state p = w(ρ)ρ )
δ′ = −(w + 1)θ − 1
2
(w + 1)h′ − 2(1− 3w)(βϕ′ + β′ϕ)− 3w,ρδ(1− 2xβ) , (62)
θ′ = −
[





































(wi + 1)Ωiθi + 3ϕx , (65)
h′′ = −(1 + H
′
H
)h′ − 2 [12ϕ′x+ 6µf1y2ϕ]− 3∑(1 + 3w + 3w,ρ)δiΩi .


















= 0 . (67)














4(x2 + y2µf1λ2(6x− βΩc)) , (69)
ϕ′ = −x(4x
2δc − y2µf1λ2(−24xδc + 8µf1y2δc + 4βδcΩc + 2xh′ + 4xδ′c))
4(x2 + y2µf1λ2(6x− βΩc)) . (70)







−12xδc + 4µf1y2δc + xh′ + 2xδ′c
12
. (72)










V. A MASSIVE DARK ENERGY FIELD.
Here we take a digression to onsider the two eetive masses of the dark energy eld, previously negleted. If λ2 is
not muh larger than mˆ2 = mˆ2φ + mˆ
2
β , Eq. (43) in Fourier spae beomes (in this setion we assume the dark energy
is oupled to a single matter omponent, subsript m, or, equivalently, that has a universal oupling to all elds)

































































where r = ax is the physial oordinate.
It is useful, in view of appliation to N -body simulations, to write down expliitely the aeleration on partiles.
Taking Eq. (33) and using the denition of peuliar veloity vp = adx/dt in terms of the veloity used in (22)
vp = Hv ,
we an write the aeleration equation in ordinary time dt = adτ as



















In Eq. (83) the three eets of the oupling appear learly: the mass M depends on the time evolution of φ; the
gravitational potential aquires the Yukawa orretion; and the mass variation of the test partile indues an extra
frition −2βx.
It is straightforward to generalize to the aeleration of a test partile of type t due by a distribution of several
partiles of speies s at distanes rst (dropping the p subsript):















In [10℄ these equations have been applied to N -body simulations in the limit of onstant β and m→ 0.
In pratie, in any dark energy model one expets the mass sale to be muh larger than the galaxy luster sale
≈ 1Mp, in order to prevent lustering, so r ≪ 1/m for all astrophysial sales. However, a non-vanishing mass m
an have some interesting eets.
First, it is to be observed that the bakground dynamis depends on the potential and its rst derivative only, while
the mass depends on the seond derivative. It is then possible to build viable dark energy models that aelerate
the expansion but whose mass sale 1/m is between a few Megaparses and H−10 = 3000 Mp/h; in this ase the
perturbations of the salar eld would be diretly observable through, e.g., weak lensing.
Seond, while the mass mφ depends exlusively on the potential V (φ), the oupling mass






depends on the matter ontent Ωm . In a inhomogeneous bakground, we an expet that m
2
β will be proportional to
ρm. This raises an interesting question, reently posed in the hameleon model of Ref. [39℄ and also in the ontext
of α-varying models [25℄: is it possible to have a salar eld with a large mass near a massive body like the Earth and
a very low one in spae ? This would open the possibility that salar gravity esapes detetion on Earth laboratories,
where the Yukawa term would be exponentially suppressed if 1/m is on the submillimetri sale, even if β were of
order unity (here we neglet any possible upper bound from osmology). In [39℄ it has been hypothesized that a
model with a onstant β do in fat ontain a density-dependent mass but our alulations show learly that β′ 6= 0 is
a neessary ondition. This possibility will be disussed in another paper.
VI. SECOND ORDER EQUATIONS
Here we extend the previous alulations to seond order in the Newtonian regime and in the non-relativisti limit.
This will allow to evaluate higher order moments of the gravitational lustering. Higher order perturbation equations
in a varying dark matter mass senario and in salar-tensor theories whih may be redued to partiular ases of the
present model have been studied in [33℄.











The general onservation equations at seond order are then (v2 = viv
i
)
δ′ +∇i(1 + δ)vi = 3(1 + δ)Φ′ − 2βϕ′(1 + δ) + 6ΦΦ′ − vi∇i(Ψ− 3Φ)−H2v2(1− 2βx)




















= −1 + δH2 ∇i(Φ− 2βϕ) + 2Ψ
∇iΨ












ϕ′ − 2y2µf1Ψ](1− 2Ψ) +
2y2µ2ϕ(f2 + µf3ϕ) + ϕ





H2 (∇iϕ)∇i(Φ−Ψ) = (91)












where f3 is dened in Eq. (15).
Let us now derive the Newtonian limit. We an use the metri equations at rst order, in partiular the relation
Φ = Ψ . As before, Φ and ϕ are of order λ2 (with respet to δ) and we neglet the time derivatives of ϕ. We obtain
from (90)











Furthermore, in the rst equation we an neglet the termH2v2(1−2βx) beause of the non-relativisti approximation
and the term 2vi∇iΦ beause both vi and ∇iΦ are of order λ at rst order. Finally, in the seond equation we an
approximate 1 + δ ≈ 1 at the denominator in the last term, sine it gives a third order orretion. Therefore we are
left with







vi = − 1H2∇i(Φ− 2βϕ)− vj∇jvi . (94)













2 = βΩmδ , (95)
whih negleting the time derivatives of ϕ redues to the non-linear Klein-Gordon equation
∇2ϕ−m2ϕ− σϕ2 = −βΩmδH2 , (96)
where we dened the non-linear orretion
σ = 2y2µ3f3H
2 . (97)
If m and σ are negligible with respet to the lenght sale λ then we see that the non-linear onservation equations in
oupled dark energy oinide with the usual non-linear Newtonian perturbation equations with an eetive potential
Φˆ and a orretion in the Euler equation due to the time variation of the dark matter mass :
δ′ +∇i(1 + δ)vi = 0 , (98)
v′i + (1 +
H′
H − 2βx)vi + vj∇jvi = −
1
H2∇iΦˆ , (99)
∇2Φˆ = 4piGmmρmδ . (100)
11
If σϕ2 is negligible but mϕ is not then one should use the Yukawa orretion to Gmm (in this ase one should also
assume that the oeients of the terms in Φ,Φ′ in (96) are smaller than mˆ2). As it has been shown, Eqs. (98-100)
are valid also when β is a funtion of φ.
VII. CONCLUSIONS
This paper is meant to set up the formalism for future work on non-linear properties of dark energy, with an
emphasis on its oupling to matter. Along this survey we found several results that we summarize here.
a) We derived the general equations for the linear pertubation growth for a general dark energy potential and a
general speies-dependent interation with matter. This generalize previous work.
b) We derived an analytial relation between the bias indued by a speies-dependent oupling and the growth
exponent of the linear perturbations, as well as their values in term of the fundamental parameters in the ase of
exponential potential.
) We disussed the Yukawa orretion to the gravitational potential due to dark energy interation and we found
that a density-dependent eetive dark energy mass arises only if the oupling is non-onstant. The onsequene of
this eet on equivalene priniple experiments will be disussed in another paper.
d) We derived the seond-order perturbation equations in oupled dark energy and their Newtonian limit. We
showed that the oupling introdues three orretions to the standard Newtonian uid equations, one proportional
to the veloity and the others whih an be absorbed in the gravitational potential. These equations wil be used in a
subsequent paper to derive the large sale skewness of oupled dark energy.
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